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Abstract
Quasiparticle excitations of free electrons in condensed-matter physics, characterized by the
dimensionality of the band crossing, can find their elementary-particle analogs in high-energy
physics, such as Majorana, Weyl, and Dirac fermions. While crystalline symmetry allows more
quasiparticle excitations and exotic fermions to emerge. Using symmetry analysis and ab-initio
calculations, we propose that the 3D honeycomb crystal NaCu3Te2 hosts triply degenerate nodal
points (TDNPs) which are perfectly separated from the bulk states. We find a tunable phase
transition between TDNPs and a weak TI triggered by a symmetry-allowed perturbation, and we
further reveal the crucial role played by the spin-orbital coupling (SOC) for the emergence of the
TDNPs in this system. Such topological non-trivial ternary compound not only serves as a perfect
candidate for studying three-component fermions, but also provides a beautiful playground for
understanding the topological phase transitions between TDNPs, TIs and trivial insulators, which
distinguishes this system from other TDNP candidates.
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I. INTRODUCTION
During the last decade, the intensive study of topological materials [1, 2], in particular
the topological semimetals (SMs) [3–13], has significantly advanced our understandings of
the band crossings and band connectivities in condensed-matter physics. Around the band
degeneracy points, the low-energy excitations known as quasiparticles mimic the elementary
particles in quantum field theory. Among them, the two-dimensional (2D) Dirac fermions
on the surface of TIs [14–21], the three-dimensional (3D) Dirac fermions in the bulk of
topological Dirac SMs (TDSMs) [3, 4, 6, 7], the Weyl fermions in topological Weyl SMs
(TWSMs) [8–13], and the Majorana fermions in the topological superconductors [22–24]
directly match to their counterparts in high-energy physics.
The quasiparticle excitations in the free fermion electronic structures can be characterized
by the dimensionality of the band crossings, which allows the emergence of exotic fermions
that do not exist in standard model. For this reason, there has been growing interest in
the search for new topological SMs protected by the crystalline symmetry beyond what are
ranked as 2- and 4-component fermions [25–28]. It was found that 3-, 6- and 8-fold band
degeneracies can emerge from non-symmorphic space groups at high-symmetric points [26–
30]. Moreover, the 3-component fermions (i.e. triply degenerate nodal points (TDNPs)) can
arise from symmorphic space groups as well [31–34], which were experimentally confirmed
in MoP [35, 36] and WC [37].
For TDNPs stably residing at momentum k in the Brillouin zone (BZ) of a symmorphic
group, it is necessary for the little group to contain both one- and two-dimensional irreducible
representations (IRs), which is satisfied by a 3-fold rotational symmetry C3 and a mirror
symmetry in point group C3v [31] as shown in Fig. 1. If there is no crossing, the doubly
degenerate bands (red solid line) stay above the two singly degenerate bands (blue and green
dashed lines) as the normal band ordering. Spin-orbital coupling (SOC) splits each band
and results in a trivial band insulator as the case of Fig. 1(a). If the doubly degenerate
bands and the singly degenerate bands cross (see Fig. 1(b)), their crossing will be stable
against SOC as they belong to different IRs. A pair of TDNPs will appear along Γ-A, which
can be viewed as the intermediate phase between TDSMs (achieved by imposing inversion
symmetry) and TWSMs (achieved by breaking C3v symmetry) [31]. The so far discovered
material candidates [31–33, 35, 37] for TDNPs belong to this class.
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FIG. 1. (Color online) Schematic plot for the TDNPs and the weak TI phases emerging
from C3v point group symmetry. Γ-A supports both 2D representation (red solid line) and
1D representations (blue and green dashed lines) with the former staying above being the normal
order. (a) Without inversion between the doubly and singly degenerate bands, SOC may lead to
a trivial insulator. (b) With the band inversion at Γ present already at the case of w/o SOC, two
singly degenerate bands cross with the doubly degenerate band leading to the appearance of a pair
of TDNPs. (c) SOC induces an inversion between the doubly and singly degenerate bands at Γ,
resulting in the same TDNPs phase as in (b). (d) If the doubly and singly degenerate bands are
already inverted at Γ without SOC, the SOC can also lead to another inversion at A and a full
band gap between the inverted bands, which results in a weak TI.
However, as learned from the study of TIs, what the SOC does is more than splitting
bands. It can change a trivial band insulator into a TI by inducing band inversions. There-
fore it is natural to expect the TDNPs to emerge in a system with normal band order solely
from the relativistic effect. As shown in Fig. 1(c), the doubly and singly degenerate bands
stay apart when there is no SOC, and become crossed with a band inversion generated at Γ
when the SOC is introduced. In this case, the TDNPs emerge from an semimetal-insulator
transition (SMIT). Note that the resulting TDNPs phase has no difference to the one shown
in Fig. 1(b), but the driving mechanisms are distinct. Moreover, if the band inversion
strength, which is tunable by electron hopping and band dispersions, at Γ is strong enough
and the two bands at A are close to each other, the SOC may also result in a new band
inversion at A, featuring a weak TI phase shown in Fig. 1(d). The joint role played by
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the band dispersing and the SOC serves as a tunable parameter to trigger the transitions
between the phases outlined in Fig. 1. By far, the topological phase transition within the
identical TDNPs system has been scarcely mentioned, let along materialized in real sys-
tems. Likewise, whether the SMIT could be achieved in real TDNPs materials remains an
interrogative sentence.
In this paper, we show the above-outlined intriguing topological phase transitions and
SMIT can be realized in one single material system. We demonstrate that the transition
between weak TIs and TDNPs could be driven by symmetry-allowed perturbations, which
are experimentally highly feasible. The SOC driven phase transition from topologically-
trivial insulator to TDNPs is realized. The TDNPs reside at the Fermi level, thus the system
is an ideal topological triple point semimetal (TPSM), in contrary to the other discovered
TDNPs, most of which sit in metals [31–33, 35, 37]. The formation mechanism of TDNPs
here distinguishes from most other reported TSMs [3, 4, 6–13, 31–33, 35, 37]: it is resulted
jointly from the SOC and the local couplings. Additionally, in all the cases holding these
different kinds of phases, the kz = 0 plane can be always viewed as a QSH insulator.
II. RESULTS
Material candidate of TDNPs. The exotic behaviors discussed above are materialized
in the hexagonal crystal NaCu3Te2 (Fig. 2) [38], belonging to the space group R3m (160).
Containing three-fold rotation C3v and three mirror operations σν . Along the principle
axis of C3, the atoms Na, Cu1, Te1, Cu3, Te2, Cu2 are strung in line sequently in its
rhombohedral primitive cell (Fig. 2(b)). The relative position of the neighboring Cu and Te
atoms (denoted by d) is what we have mentioned to be crucial to the electronic structure
of the system, by which the band dispersion along Γ − A is highly tunable. Note that Te1
and Te2, Cu1 and Cu2 are close to inversion symmetric, while the off center Cu3 eliminates
inversion symmetry from the system.
Fig. 2(d) displays the top two valence and the bottom two conduction bands of NaCu3Te2
calculated in a structure model fully relaxed from an initial experimental structure [38].
Other bands from higher binding energies have been dropped off for simplicity. Along
Γ− A, these four bands resemble the situation shown inside the yellow region of Fig. 1(b).
The band connecting the valence at Γ and the conduction at A mainly consists of Cu3-s,
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FIG. 2. (Color online) Crystal and electronic structure of honeycomb NaCu3Te2. (a)
Conventional cell. (b) Primitive cell. (c) Brillouin zone. (d) Between Γ and A, the two top
valance bands and the two bottom conduction bands of the fully structure-optimized NaCu3Te2
admit |mJ | = 1/2 (blue lines) and |mJ | = 3/2 green lines). Their crossings are TDNPs, which are
more clearly seen in the zoom in plot of (d).
Te2-s and Cu2-dz2 orbitals. Under the SOC, dz2 orbital contains two |mJ | = 1/2 states
which do not split under C3v. Thus, this band remains doubly degenerate when the SOC
is included. While, the band connecting the conduction at Γ and the valence at A consists
of Cu1-dxz + dyz, Cu2-dx2−y2 + dxy and Te1-pxy orbitals. Their total angular momentum is
|mJ | = 3/2, making the two states non-degenerate under the SOC. As states with different
|mJ | do not hybridize, the crossing of these two bands then give rise to the pair of TDNPs
shown in Fig. 2(d). As clearly shown, the TDNPs in NaCu3Te2 stay at the Fermi level
which are not interfered in energy with other bulk bands. Thus NaCu2Te2 may provide by
far the best material platform to study the transport anomalies and spectroscopic responses
resulted from the 3-component fermions.
Topological phase transitions. In addition to theoretically proposing a perfect mate-
rial candidate for the TDNPs, we further show that this system is close to the boundary of
two topologically distinct phases shown in Fig. 1(c) and (d). And remarkably, symmetry-
allowed perturbations easily drive one phase to another, and vice versa. The high tunability
of the topological phases in NaCu2Te2 is a hallmark of this system distinguishing from other
TDNPs material candidates. In Fig. 3 we show the evolution of the band structure as a
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function of the distance d between the neighboring Cu and Te atoms without and with SOC.
Changing the relative distance of Cu/Te along the C3 rotational axis does not violate C3v
symmetry, thus it is a symmetry-allowed perturbation to the system. The structures with
d = 3.096A˚, 2.689A˚ corresponding to Fig. 3(a,b,d,e) are obtained from theoretical optimiza-
tion. Fig. 3(c,f) (d = 2.573A˚) correspond to the pristine experimental structure [38]. The
coupling of Cu with Te, effectively characterized by the value of d, leaves a strong influence
on the band dispersion along Γ − A. When Cu and Te stay far apart, the singly and dou-
bly degenerate bands separate as well and they stay in their normal order, see Fig. 3(a).
The increased coupling between Cu and Te disperses the band between Γ and A, eventu-
ally moving the doubly degenerate bands reversely below the singly degenerate states at Γ,
causing an inverted band order here (Fig. 3(b)). For the same reason explained before, the
SOC will result in a pair of TDNPs in this case (Fig. 3(e)). Increased coupling shown in
Fig. 3(c) further enhances the band inversion at Γ. Simultaneously, the two bands at A
get closer to each other and eventually stick together. With the SOC taken into account
in this case, a new band inversion at A is easily induced yielding an even number of band
inversions in the system, as a result NaCu3Te2 is driven into a weak TI phase (Fig. 3(f)).
We note that the critical value d = 2.657A˚ for the TDNPs and weak TI phase transition
(see the Supplementary Information) is very close to the experimental value d = 2.573A˚.
This intriguing fact indicates that the experimental-realized system is close to the critical
point for the topological phase transition. The material could therefore be expected to be
on either side of the phase diagram under different synthesis conditions. Additionally, the
trend of the band structure evolution presented in the Supplementary Information gives the
idea that the bulk gap of TI is highly tunable for the same reason.
In addition to the coupling strength between Cu and Te, the SOC jointly plays a pivotal
role for the emergence of TDNPs in this system. In nearly all the TDNPs systems reported
so far, the bulk bands neglecting SOC are already a SM. After bringing SOC into play, the
crossing bands split and each crossing point is tore apart into two TDNPs, with the inversion
of crossing bands might being reinforced as an additional effect. Contrarily, by comparing
Fig. 3(a,d) and (b,e) one would notice that, in NaCu3Te2, the TDNPs can emerge from
a topologically-trivial insulator solely by SOC. We further confirm this by calculating the
electronic structure with varied strengths of the SOC λ, see Supplementary Information for
more details.
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FIG. 3. (Color online) The electronic structure evolution of NaCu3Te2 under the change
of distance d between Cu and Te atoms. The band dispersions shown in (a/d), (b/e)
and (c/f) correspond to the structures with d = 3.096A˚, 2.689A˚ and 2.573A˚ without/with SOC,
respectively. Note that the bands shown in (c/f) are obtained from the experimental structure [38].
III. DISCUSSION
Topological nature and surface states (SS). The TDNP and TI phases discovered
in NaCu3Te2 are topologically nontrivial as proven by the Wilson loop methods [39, 40], see
Supplementary Information. In both phases, the doubly and singly degenerate bands at Γ
are inverted. As the kz = 0 plane is gapped everywhere, a Z2 topological invariant [41, 42]
for this plane can be defined, and it is proved to be 1. Therefore both the kz = 0 plane in the
TDNP and the TI phases can be viewed as a QSH insulator characterizing the topological
nature of this system. In the weak TI phase shown in Fig. 3(f), owing to the additional
band inversion at A we find Z2 = (0; 111), as expected.
Because of the non-trivial band order, the topologically protected metallic surface states
are reasonably expected. Combining the tight-binding (TB) Hamiltonian [43] and iterative
method based on surface Green’s function [44], we obtain the topological surface states
(TSS) for the (100) and (111) surfaces. In the same order as Fig. 3, the left three columns
of Fig. 4 correspond to the TDNP phases formed from a trivial band insulator (Fig. 4(a,d))
and a SM (Fig. 4(b,e)), the weak TI phase (Fig. 4(c,f)), respectively. At (100) surface of the
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FIG. 4. (Color online) TSS for the three phases discussed in Fig. 3. (a-c) and (d-f) at the
(100) and (001) surfaces of the primitive cell, respectively. (g) The topological phase diagram of
NaCu3Te2 as a function of Cu-Te distance d and the SOC strength λ. (h) The TSS on the (110)
surface for d = 2.689A˚. The six iso-energy cuts show the evolving behavior of TSS connecting the
TDNPs and the surface Dirac cone at Γ.
two TDNP phases, owing to the band inversion at Γ TSS appear at surface Γ¯ and they are
connected to the SS coming from the TDNPs. At (111) surface, the bulk Γ point and the
TDNPs project to the same surface Γ¯ so that no SS are observed. Similarly, in the weak TI
phase, at (100) surface the two surface Dirac cones at Γ¯ and A¯ can be clearly seen, with the
even number of surface Dirac cones consistent with the weak TI nature. At (111) surface,
there is no SS as the two band inversions at Γ and A project to the same surface Γ¯ point.
Based on our analysis, a general phase diagram of NaCu3Te2 is predicted in Fig. 4(g).
We propose the effective coupling between Cu and Te atoms (which can be changed by the
distance d of them) and the SOC strength λ to be the effective tuning parameters, which
can efficiently drive the topological phases from one to another. Based on the different
experimental conditions, we believe both the TDNPs and the weak TI phase can be obtained.
In Fig. 4(h) we further show the local density of states on the (110) surface of the primitive
cell, corresponding to the case of d = 2.689A˚ (Fig. 4(b,e)), with six different iso-energy cuts
to illustrate the evolution of the TSS. As a characteristic behavior of this system, the TSS
resulted from the QSH states at kz = 0 plane are always connected to the SS originated
from the TDNPs. The connecting point of these two SS are different on different surfaces.
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On the (100) surface, the SS from the TDNPs are nearly flat in energy and the connecting
point of the two SS is well positioned inside the bulk energy gap at Γ. In contrast, at (110)
surface the connecting point is energetically embedded in the valence spectrum. Thus, as
the decrease of the binding energy the enclosed area of the TSS shrinks.
In summary, we proposed that topologically distinct phases, i.e. the TDNPs and the
weak TIs, and their phase transitions can be realized in one single system. The transition
between them can be easily triggered by experimentally feasible and symmetry allowed
perturbations. We made material-specific predictions for the TDNPs in NaCu3Te2, which
reside exactly at the Fermi level. We identified two phase transitions: one between the
weak TIs and the TDNPs induced by local couplings, and one between topologically-trivial
insulators and the TDNPs induced purely by the SOC. The TDNPs with the resultant
SS in NaCu3Te2 are awaiting to be observed by angle-resolved photoemission spectroscopy
(ARPES). We believe this stoichiometric compound can serve as a ideal material platform
to study the TDNP semimetal and the related topological phase transitions, and facilitate
promising applications.
IV. METHODS
Methods The NaCu3Te2 was calculated with density functional theory. The projector-
augmented-wave method implemented in the Vienna Ab-Initio Simulation Package[45] was
employed, with the exchange-correlation functional considered in the generalized gradient
approximation potential [46]. By (not) treating the semi core p states of Na and Cu as
valence bands and applying an energy cutoff of 520 (500) eV in 84 (512) k-points per
reciprocal atom we obtain the optimized structure with d = 2.689A˚ (d = 3.096A˚). The
TSS were calculated by applying the iterative Green’s function approach [44] based on the
maximally localized Wannier functions [43] obtained through the VASP2WANNIER90 [47]
interfaces in a non-self-consistent calculation.
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